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^> '. 1 Introduction 

<T^ It is well known that the Virasoro algebra plays an important role in many areas of 

Ph theoretical physics and mathematics, which occures in the investigation of conformal field 
^ | theory and has a C-basis {L n , c\n £ Z} with the nontrivial relations [L n , L m ] = (m—n)L n+m . 
It can be regarded as the complexification of the Lie algebra of polynomial vector fields on 
a circle, and also as the Lie algebra of derivations of the ring C[z, z~ x \. The centerless 
Virasoro algebra admits many kinds of extensions, one of these is the Schrodinger-Virasoro 
type Lie algebras (see [ZHS]), firstly introduced in [2] in the context of non-equilibrium 
statistical physics during the process of investigating the free Schrodinger equations and 
closely related to the Schrodinger algebra and the Virasoro algebra. Recently the vertex 
algebra representations, Lie bialgebra structures, irreducible weight modules with finite- 
dimensional weight spaces and also Wittaker modules of the Schrodinger- Witt Lie algebras 
were extensively investigated in [T0ril2| [T6] . The generalization of the Schrodinger-Virasoro 
Lie algebras was introduced in [15], whose automorphism groups and Verma modules were 
described therein. 

For any A, fi £ C, [9] introduced a family of infinite-dimensional Lie algebras called twisted 

deformative Schrodinger-Virasoro Lie algebras, admitting C-basis {L n ,Y n ,M n | n £ Z} and 
the following Lie brackets 



[Lni L m \ 


= (m - 


n ^)i-'n-\-mi 






y-'-'ni 1 m\ 


= (m — 


A + 1 

n + /ijy n _|_ m , 


[J- m •* m\ 


= (m - n)M n+m , 


[L n , M m 


= (m - 


- \n + 2fi)M n+m , 


\y n , M m ] 


= [M n , M m ) = 0. 
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We denote this Lie algebra by Jzf, which is Z-graded with 

J£ = M) H^JZ: n , JzT n = L-ivjj © i-Jji © lL.M n , \°£ni ■=Z-m\ _ •*&n+m- 

For convenience we introduce the following notations 

£=£CL n , y = J2CY n , M=ECM n . 

n£Z nGZ nGZ 

Then £ is the centerless Virasoro algebra, Z = V © Al is the unique maximal ideal of Jzf 
and Ai is the center of X. 

It is well known that the determination of derivations and automorphisms plays an im- 
portant part in the investigation of the structure and representation of the relevant Lie 
algebras. Many references (see [T|l3Ho r |li?|[Tyt[TS]) have focused on derivations and automor- 
phisms of different Lie algebra backgrounds. 

Note that if /i G Z, then {L n , V n _ M , M n _ 2M } is a basis of S£ . Hence one can assume \i = if 
H G Z. Especially, for the case A = \i = 0, Jzf is nothing but the twisted Schrodinger- Virasoro 
algebra, whose derivations and automorphisms were determined in [13J. If /i G \ + Z, one 
can assume n — ~ by shifting basis, in which case the derivations were investigated in [13] 
and automorphisms for the special case A = were determined in [15] . Furthermore, for 
the case // = ~ and A ^ 0, one can obtain the corresponding results on automorphisms by 
following the proof of Theorem 3.2 in [15]. Thus, in this paper we always make the following 
assumptions on /i and A 

(J.&- + Z, n = and A^O if \i G Z. (1.1) 

In the following two sections, we shall determine the derivation algebra (see Theorem 
12. 5p and the automorphism group (see Theorem 13.41) of ££ under the assumptions made in 
dLTJ. 

2 Derivation algebra of Jzf 

A linear map d : _£f — y Jzf is called a derivation of Jzf, if d([x,;y]) = [d(x),y] + [x,d(y)] 
holds for any x, y G =Sf . For any fixed z G Jzf , the linear map ad^ : Jzf — )■ Jzf is called an 
inner derivation if ad z (x) = [z,x] for any x G Jzf. Denote by DerJzf and ad Jzf respectively 
the vector spaces of all derivations and inner derivations. Then the first homological group 
U l {&,&) = Der^/ad^. 

Firstly, we give the following description of Der Jzf . 

Lemma 2.1 Der Jzf = [Der Jzf )o + ao 7 Jzf, where 

(Der^) = {de Der^ | d(Jzf n ) C^VnG Z}. 



Proof By Proposition 1.2 of [T], we need two steps to complete the proof of this lemma. 

Step 1 For any n/0, if d G H 1 ^,^), then dead^. 

Since ££ n = CL n © CY n © CM n for all n G Z, one can assume d(X ) = e± L n + efY n + efM n 
for some ef G C, i = 1, 2, 3, X 6 {L, Y, M}. Applying d to [L , F ] = /jYo, [L , M ] = 2/iM 
and \Yq, M ] = respectively, we obtain 

(n — /i)ef = (/i — iiAn)ef + ne^ = ne\ — (n + jj)eX, = 0, 
(n - 2/i)ef = (n - u)ef = (2/i - An)ef - nef = 0, 
(2/x - \n)e\ + nef = (ji - ^n)ef = 0, 

which combined with (II. lft give 

p y _ p m _ m _ n y _ A-2/j + l L Y _ n , M _ 2/i - An , 
61 " 6l " 62 _U ' C2 " 2n 6l ' Cs ~n + // 2 ' Cs ~ n 1- 

Hence, denoting a = \e\L n + ^j— e^ F„ + -^r^-e\M n , we obtain d(A ) = [A , a] for any 
AG {L,F,M}. 

Step 2 For any n ^ m, if f G Hom^ («if n , Jzf m ), t/ien / = 0. 

Assume that /(X„) = cf L m +c^F m +c^M m for some cf G C with A G {L, Y, M}, i = 1, 2, 3. 
Applying / to both sides of the following three identities 

[L , L n ] = nL n , [L , Y n ] = (n + n)Y n , [L , M n ] = (n + 2[i)M n , 

and comparing the coefficients of L m , Y m and M m respectively, we have 

(m — n)c\ = (m — n + [i)c\ = (m — n + 2u)cg = 0, 
(m — n — /i)cf = (m — n)c5f = (m — n + //)df = 0, 
(m-n- 2/i)cf = (m - n - /i)cf = (n + 2/i)cf = 0. 

Note that \i satisfies (11.11) . one can deduce cf = 0, A G {L, Y, M}, i = 1,2, 3. Thus / = 0.D 
Let d G (DerJzf)o- For n G Z and A G {L, Y, M}, one can assume 

d(X n ) = ff(n)L n + f*(n)Y n + f*{n)M n for some ff{n) G C, i = 1, 2, 3. 



Lemma 2.2 For any n G Z and some a, 6 ; c ; c, e, e G C, one can assume 
(1) f[(n) = an. 

, , , i(2/^-(A + l)n) if /^Z, 

(%) /; p(n) = <( 

6n(l — 5a, -l) if /i = 0. 



(8) Iffx^Z, then f 3 L (n) = ^(2/i - An). 
(4) If u = 0, then 

{f(n 3 -n)-|(n 3 -4n) if A = -2, 
f(n 2 - n) - c(n 2 - 2n) if A = -1, 
en if A ^ {-2,0,-1}. 

Proof (1) Applying d to [L n , L m ] = (m — n)L m+n and comparing the coefficients of L m+n , 
we have (m — n) (fi(m + n) — fi(m) — fi{ny\ = 0, which gives 

ff(m + n) =fi(m) + tf(n) if m^n. (2.1) 

Taking n = in ( 12. ip . we have f[{0) = 0. Applying (12. ip . one can deduce 

A L (2n) = A L (3n) + tf(-n) = tf(2n) + /f (n) + A L (-2n) + /f (n) = 2/ftn), 

which together with (12. ip gives f[(m + n) — f\{rn) + f\{n) for all m, n G Z. Thus 
fi(n) = fi(n— 1) + fi(l). Hence, by induction on n, one can deduce fx(n) = nff'(l) for 
all n G Z. 

(2) Applying d to [L n , L m ] = (m — n)L m+n and comparing the coefficients of y m+n , one 
has 

(2m - (A + l)n + 2u)/ 2 L (m) - (2n - (A + l)m + 2u)/ 2 L (n) = 2(m - n)/ 2 L (m + n). (2.2) 

Case 1 u ^ Z. 

Setting n = in (12.21) . we obtain 2u/ 2 L (m) = (2/i - (A + l)m)/ 2 L (0), which gives / 2 L (m) = 
^(2u - (A + l)m)/ 2 L (0) for all m G Z. 

Case 2 u = 0. 

Taking u = in (12. 2p . we have 

(2m - (A + l)n)/ 2 L (m) - (2n - (A + l)m)/ 2 L (n) = 2(m - n)/ 2 L (m + n). (2.3) 

Taking n — 1, 2 in (12. 3J , we obtain 

2(m - l)/ 2 L (m + 1) = (2m - A - l)/ 2 L (m) - (2 - (A + l)m)/ 2 L (l), (2.4) 

2(m - 2)/ 2 L (m + 2) = 2(m - A - l)/ 2 L (m) - (4 - (A + l)m)/ 2 L (2). (2.5) 

Taking n = 1 and replacing m by m + 1 in (I2.3p , one can deduce 

( 2m - A + l)/ 2 L (m + 1) - (2 - (A + l)(m + 1))/ 2 L (1) = 2m/ 2 L (m + 2). (2.6) 
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Multiplying ()2J| by 2(m - l)(m - 2), then using (FjO} and (12"3]1 . we obtain 

(A - 1) (2A - (5 + \)m + 2)/ 2 L (m) 
= m(m - 2) (4(1 + A)m - A 2 - 7)/ 2 L (l) + 2m(m - 1) (4 - (A + l)m)/ 2 L (2). (2.7) 

Applying d to [L n , Y m ] — (m — ^-n)F m+n and comparing the coefficients of M m+n , we 
have 

2(m - n)/ 2 L (n) + 2(m - An)/ 3 y (m) - (2m - (1 + A)n)/ 3 y (n + m) = 0. (2.8) 

Setting m = in (j2.8p . we obtain 

(1 + X)nfl(n) = 2n/ 2 » + 2An/ 3 y (0). (2.9) 

Replacing n by — n, m by n in (I2.8p . one has 

(A + 3)n/ 3 y (0) = 2(1 + A)n/ 3 y (n) + Anf^-n). (2.10) 

Multiplying (EU) by (A + 3) and using (I2~l0]) . we obtain 

3(1 - \ 2 )nfl{n) = 2(A + 3)nf 2 L (n) + 8An/ 2 L (-n). (2.11) 

Taking n — 1, 2 in (12. lip respectively, one has 

3(1 - A 2 )/ 3 y (l) = 2(A + 3)/ 2 L (l) + 8A/ 2 L (-1), (2.12) 

3(1 - A 2 )/ 3 y (2) = 2(A + 3)/ 2 L (2) + 8A/ 2 L (-2). (2.13) 

Furthermore, setting n = m = 1 in (12. 8p . we obtain 

(l-A)(/ 3 y (2)-2/ 3 y (l))=0. (2.14) 

Multiplying (1231]) by 3(1 + A), using ( 12~l2"j) and ( 12~I3"j) . one can deduce 

(A + 3) (/ 2 L (2) - 2/ 2 L (l)) + 4A(/ 2 L (-2) - 2/ 2 L (-l)) = 0. (2.15) 

Subcase 1 A = — 5. 
Taking A = — 5 in (12. 7p . one has 

/ 2 L (m) = \m{m - l)(m + 1)/ 2 L (2) - ^m(m - 2)(m + 2)/ 2 L (l). (2.16) 

Taking m = -1,-2 in fl2TT6|) . we obtain / 2 L (-1) = -/ 2 L (1) and / 2 L (-2) = -/ 2 L (2). Then 
(12T5D gives / 2 L (2) = 2/ 2 L (l), which together with (|2"7TB) . admits / 2 L (m) = m/ 2 L (l) for all 
m G Z. 



Subcase 2 A = — 3. 

Taking A = — 3 in ( 12. 7p . one has 

2(ra + 2)f 2 L (m) = m{m + 2)(m - 1)/ 2 L (2) - 2m(m + 2)(m - 2)/ 2 L (l), (2.17) 

which gives 

f 2 L (m) = ^m(m - 1)/ 2 L (2) - m(m - 2)/ 2 L (l) if m ± -2. (2.18) 

Setting A = —3, m = 1 and n = —2 in (12. 3p . we have 

/ 2 L (-2) = / 2 L (l) + 3/ 2 L (-l). (2.19) 

Furthermore, taking m = — 1 in (12.181) . one has 

f 2 L (-l) = f 2 L (2)-3f 2 L (l). (2.20) 

Applying this by substituting for the second term of the right-hand side in (12.191) . we have 

/ 2 L (-2) = 3/ 2 L (2)-8/ 2 L (l). (2.21) 

Thus (12181) holds for all m E Z. Taking A = -3 in fl2TT5|) . then using fl2T20|) and fl2T2T]) . one 
can deduce / 2 L (2) = 2/ 2 L (l). Thus (123811 gives / 2 L (m) = m/ 2 L (l) for all m G Z. 

Subcase 3 A = — 1. 

Letting A = — 1 in (12. 7p gives 

/ 2 L (m) = (m - 1)/ 2 L (2) - (m - 2)/ 2 L (l) if m ^ 0. (2.22) 

Taking m = — 1 in (12.221) . we have 

/ 2 L (-l) = -2/ 2 L (2) + 3/ 2 L (l). (2.23) 

Furthermore, letting A = -1, m = 1, n = -1 in (12.31) . we have /^(l) + / 2 L ( _] -) = 2 /2 L (0)- 
Using this in (IZ231) . one has / 2 L (0) = -/ 2 L (2) + 2/ 2 L (l). Thus f!2T^|) holds for all m e Z. 
Taking m = — 2 in (12.221) . we obtain 

/ 2 L (-2) = -3/ 2 L (2)+4/ 2 L (l). (2.24) 

Taking A = -1 in (123311 . then using (12331) and (1231) . one can deduce / 2 L (2) = 2/ 2 L (l). 
Thus (T232D gives / 2 L (m) = m/ 2 L (l) for all m G Z. Taking A = -1 in (12321 and using 
/ 2 L (-1) = -/ 2 L (1), one can deduce / 2 L (1) = 0. Thus f 2 L (n) = for all n G Z. 



Subcase 4 A = 1. 

Letting A = 1 in f l2.3|) . we obtain (m — n)(f 2 L (m + n) — f2( n ) — fH 171 )) = 0- Utilizing the 
similar technique to that of (1), one can deduce f^ira) = m/^(l) for all m G Z. 

Subcase 5 A £ {—5, —3, ±1}. 

Taking n = in O, we have (A + l)m/ 2 L (0) = for all m G Z. This forces / 2 L (0) = 0. 
Using this and replacing n by — m in fl2.3|) . we obtain (A + 3) (f 2 L ( m ) + fH -171 )) = 0- Thus 
fz{m) = —/^(—m) for all m G Z since A 7^ —3. Thus 

tf(l) = -#(-1), / 2 L (2) = -/ 2 L (-2). (2.25) 

Taking n = 2 in ( 12. 3p . we have 

2(m - A - l)/ 2 L (m) - (4 - (A + l)m)/ 2 L (2) = 2(ro - 2)/ 2 L (m + 2). (2.26) 

Replacing m by m + 2, n by —2 in ( 12. 3 p and using f |2.25|) . we have 

2(m + A + 3)/ 2 L (m + 2) - (4 + (A + l)(m + 2))/ 2 L (2) = 2(m + 4)/ 2 L (m). (2.27) 

Using ( 12T26J) and (12T27D . one can deduce (A + 5)(A - l)(2/ 2 L (m) - mf 2 L (2)) = 0, which 
gives /^(m) = |/ 2 L (2)m. Taking m = 2, n = — 1 in ( 12.31) and using (I2.25p . we can deduce 
/ 2 L (2) = 2/^(1). Thus / 2 L (m) = m/ 2 L (l) for all m G Z. We have completed the proof of (2). 
Next we begin the proof of (3) and (4) of this lemma. Applying d to [L n ,L m ] = (m — 
n)L m+n , then comparing the coefficients of M m+n , one has 

(m - An + 2/i)/ 3 L (m) - (n - Am + 2/i)/ 3 L (n) = (m - n)/ 3 L (m + n). (2.28) 

(3) If u ^ Z, then taking n = in (12T28D . we have 2u/ 3 L (m) = (2u - Am)/ 3 L (0), which 
gives 

f 3 L (m) = ±-(2v-\m)fi(0). 

(4) Taking /i = in d2T28|) . we have 

(m - An)/ 3 L (m) - (n - Am)/ 3 L (n) = (m - n)/ 3 L (m + n). (2.29) 

Taking n = 1, 2 in (I2.29p . we have 

(m - A)/ 3 L (m) - (1 - Am)/ 3 L (1) = (m - l)/ 3 L (m + 1), (2.30) 

(m - 2A)/ 3 L (m) - (2 - Am)/ 3 L (2) = (m - 2)/ 3 L (m + 2). (2.31) 



Setting n = 1 and replacing m by m + 1 in f !2.29|) , one can deduce 

(m + 1 - A)/ 3 L (m + 1) - (1 - A(m + 1))/ 3 L (1) = m/ 3 L (m + 2). (2.32) 

Thus the three equations fj2.3Q|) — (I2.32J) imply 

(A-l)((A + 2)m-2A)/ 3 L (m) 
= m{m - 2) (2 - A + A 2 - 2Am)/ 3 L (l) - m{m - 1)(2 - Am)/ 3 L (2). (2.33) 

Case 1 A = -2. 

Setting A = — 2 in (I2.33J) . one has 

/ 3 L (m) = \m(m + l)(m - 1)/ 3 L (2) - Jm(m - 2)(m + 2)/ 3 L (l), V m G Z. 
o 3 

Case 2 A = -1. 

In this case (J2.33P gives 

/ 3 L (m) = ^m(m - 1)/ 3 L (2) - m(m - 2)/ 3 L (l) for m + -2. (2.34) 

Taking A = — 1, m = —2 and n — 1 in f)2.29p . one has 

tf(-2) = 3/*(-l) + tf(l). (2.35) 

Setting m = -1 in (123IJ1 . we have / 3 L (-1) = / 3 L (2) -3/ 3 L (l). Using this in ( 12~35]) . we obtain 
/ 3 L (-2) = 3/ 3 L (2) - 8/ 3 L (l). Thus (1231) holds for all m G Z. 

Case 3 A = 1. 

In this case (12.291) gives (m — n)(f^(m + n) — f$(m) — / 3 L (^)) = 0. Using the similar 
discussions to the proof of (1), we have f^ijn) = mf^(l) for all m G Z. 

Case 4 A i {-2, ±1,0}. 

Letting n — 1 in (I2.29J) . we have 

(m - A)/ 3 L (m) - (1 - Am)/ 3 L (1) = (m - l)/ 3 L (m + 1). (2.36) 

Replacing m by m + 1, n by — 1 in (I2.29J) . we obtain 

(m + 1 + A)/ 3 L (m + !) + (! + A(m + 1))/ 3 L (-1) = (m + 2)/ 3 L (m). (2.37) 



Thus, using f |2.36|) and (12.37p . one can deduce 

(1 - A) (2 + A)/ 3 V) = (1 - Am)(m + 1 + A)/ 3 L (1) - (m - 1) (\(m + 1) + l)/ 3 L (-l). (2.38) 

Taking m = -1 in (1235)1 . we have A(l + A)(/ 3 L (1) + / 3 L (-1)) = 0, which forces / 3 L (1) = 
-/ 3 L (-1). Then (E3HD gives (1 - A)(A + 2)(/ 3 L (m) - m/ 3 L (l)) = 0. Thus / 3 L (m) = m/ 3 L (l) 
for all m G Z. 

Hence denoted by /f(l) = a, / 2 L (1) = 6, f 2 L (0) = e, f 3 L (0) = e, f 3 L (2) = c and / 3 L (1) = c, 
the lemma follows. □ 

Lemma 2.3 Define a, b and e as those given in Lemma \2.2\ For any n G Z and some 
a, b,b G C, we have 

(1) fUn) = 0. 

(2) fj{n) = an + a. 

(3) If nfL, thenf 3 Y (n) = -fn. 

(4) lffi = 0, then 

{bn if A = -l, 

bn + b if A = l, 
^- x n if A^dbl. 

Proof (1) Applying d to [L n , Y m ] — (m — ^-^n + //) F m+n and comparing the coefficients of 
Lm+n, we have 

2(m - n)fY{m) - (2m - (1 + A)n + 2//)/ 1 y (n + m) = 0. (2.39) 

Case 1 /i ^ Z. 

Setting n = in (12.391) . we have nfY{m) = 0, which gives f\{m) = for all m G Z. 

Case 2 /i = 0. 

In this case (J2.39J) gives 

2(m - n)f?{m) - (2m - (1 + \)n)f^{n + m) = 0. (2.40) 

Setting m = in ( 12.401) . we have 

(l + \)ntf(n) = 2ntf(0). (2.41) 

Subcase 1 A^±l. 



By (I2H|) . we have 



nfi{n) = Y^x n f?(°)i VnGZ. (2.42) 



Multiplying (I2.40p by m{n + m) and using (12.421) . we deduce (A — l)mn(m+n)/f(0) = for 

all m, n G Z, since A 7^ 1, which forces /{^(O) = 0. Using this in (j2.42p . we obtain f^ij 1 ) — 
for all n G Z. 

Subcase 2 A = — 1. 

Setting A = -1 in (j2.40p . we have 

(m-n)ff(m)-mff(n + m) = 0. (2.43) 

Replacing n by — m in (I2.43p . we have / y (m) = IZi'(O) f° r m 7^ 0- Furthermore, letting 
A = -1 in ([MID, we have nf y (0) = for all n G Z, which forces / y (0) = 0. Thus / y (m) = 
for all m G Z. 

Subcase 3 A = 1. 

Letting A = 1 in (12.401) . we have 

(m - n) (A y (m) - / y (n + m)) = 0. (2.44) 

Setting m = in (I2.44p . we obtain n(/ y (n) — / y (0)) = 0, which gives 

fi(n) = tf(0), WneZ. (2.45) 

Applying d to [Y2, ^3] = and comparing the coefficients of M 5 , we have 

/ 2 M (3) = -A Y (2) = -A y (0). (2.46) 

Furthermore, applying d to [Yi, Y2] = M3 and comparing the coefficients, we have Af f (3) = 
/ y (l) + / y (2). This together with (12^451) and (12^61) gives / y (0) = 0. Thus / y (n) = for 
all n G Z. 

(2) From Lemma 12.21 we have fi(n) = an for some a G C Thus applying d to 

[L n , Y m ] = (m — ^y^n + /i)F m+n and comparing the coefficient of Y m+n , we have 

(2m - (1 + A)n + 2/x) (/ y (m) - / 2 y (n + m) + an) = 0. (2.47) 

Case 1 A = -1. 
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In this case f)2.47[) gives 

(m + /i)(/ 2 Y M - fl(n + m) + an) = 0. (2.48) 

Recalling that \i satisfies (11. ip . taking m = 1 and replacing n by n — 1 in (12 .48 p . we obtain 

/ y (n) = a(n-l) + / y (l), Vn G Z. (2.49) 

Taking n = in ff2T49|) . we obtain / y (l) = / y (0) + a. Thus f T2T4~9|) gives g{n) = an + / y (0) 
for all nGZ. 

Case 2 A / -1. 

If (jl = 0, then setting m = in ( I2.47p . we obtain (1 + A)n(/ 2 y (0) — / y (n) + on) = 0, which 
gives f?f(n) = an + /^(0) for all bgZ. 

Suppose /x ^ Z. Replacing n by — m in (I2.47p . we obtain 

((3 + A)m + 2/x) (/ y (m) -am- / 2 y (0)) = 0. (2.50) 

If (3 + A)m + 2/2 ^ for all m G Z, then ([230]) gives / 2 y (m) = am + ff (0). 

If (3 + A)m' + 2/i = for some m' G Z, then replacing m by m' + 1 in (I2.50p . we have 

(3 + A) (g(m> + 1) - a{m! + 1) - / y (0)) = 0. (2.51) 

It is obvious that A ^ —3, otherwise /i = 0. Thus (I2.5ip gives 

fl{m! + 1) = o(m' + 1) + / 2 y (0). (2.52) 

Choosing n = 1 and replacing m by m' in ( I2.47p . we obtain 

(2/2 - A + 2m' - 1) (a + / 2 y (m) - fj(m + 1)) = 0. (2.53) 

Combining f |2.52|) and f |2.53|) . one can deduce 

(2/i - A + 2m - 1) (/ y (m) - am - / y (0)) = 0. (2.54) 

Furthermore, using 2/i = — (3 + X)m! in (I2.54p . we have 

{w! + 1)(1 + A) (/ y (m') - am' - / y (0)) = 0. (2.55) 

In this case A ^ — 1, we obtain 

{w! + l)(/ y (m') - am' - / y (0)) = 0. (2.56) 
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If m! ^ -1, then (1236]) gives / 2 y (m') = am' + / y (0). 

Suppose that m' = — 1. Then 2/x = 3 + A. Setting m = 0, n = — 1 in (j2.47p . we obtain 

(A + 2)(/ y (0)-/ y (-l)-a)=0. (2.57) 

If A ^ -2, then (12371) forces / 2 y (-l) = ~« + #(0). If A = -2, then setting A = -2, 
m = — 1 and n = 1 in (j2.47p . we obtain 

(2/, - 1) (a + #(-1) - / y (0)) = 0, (2.58) 

since /x satisfies (II. ip . which forces / y (— 1) = —a + / 2 y (0). Hence / y (m) = am + / y (0) for 
all m e Z. By now we have completed the proof of (2). 

Next we begin the proof of (3) and (4) of this lemma. Applying d to [L n , Y m ] = (m — 
^Y^n + fj,)Y m+n and comparing the coefficients of M m+n , we have 

2(m - n)ft(n) + 2(ra - An + 2/i)/ 3 y (m) = (2m - (1 + X)n + 2u)/ y (n + m). (2.59) 

(3) If a ^ Z, then taking n = in ( 12. 59ft . we obtain / y (m) = m for e = / 2 L (0). 

u 

(4) Taking u = in (12.591) . we obtain 

2(m - ri)f£(n) + 2(m - Ari)/ y (m) = (2m - (1 + A)n)/ y (n + m). (2.60) 

By Lemma [2.21 (2), one has / 2 (n) = 6n(l — 5a, -i) for some 6 e C . 

Case 1 A = -1. 

In this case (I2.60p gives 

(m + n)f 3 (m) = mf 3 (m + n). (2.61) 

Taking m — 1 and replacing n by n — 1 in ( I2.6ip . we have fj{n) = n/ y (l) for all n G Z. 

Case 2 A = 1. 

Letting A = 1 in ( I2.60p . we obtain 

(m - n) {fl(n + m) - / 3 r (m) - 6n) = 0. (2.62) 

Thus (12762]) gives / 3 y (n) = bn + / y (0) for all n € Z. 

Case 3 A ^ ±1. 

Setting m = in (12.601) . we have 

# (») = YT\( bn + Xf * {0) ^ for n ^ °' (2,63) 
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Furthermore, taking n = ±1 in (I2.63|) respectively, we have 

/ 3 y (l) = r ^(A/ 3 y (0) + &), fl(-l) = ^(XfKO) - b) . (2.64) 

Taking n — 1, m — — 1 in (12.601) and using (12.641) . one can deduce (A — l)f]f(Q) = 0, which 
forces /^(0) = since A ^ 1. Then (12.63[) implies f]f(n) = ^Xx 77 - f° r &U n E Z,. 

Hence, denoted by /^(0) = a, /J(l) = b and /l'(O) = 6, the lemma follows. D 

Lemma 2.4 Let a and a be as those given in Lemmas \2.2\ and \2.cl\ respectively. For any 
n G Z, we have 

fi M (n) = f 2 M (n) = 0, ff(n) = an + 2a. 

Proof It follows from Lemmas 12.21 and 12.31 that there exists some a and a such that 

fi(n) = 0, f^i 71 ) = an + a, Vn G Z. 

Applying d to [Y n , F m ] — (m— n)M m+n and comparing the coefficients of L m+n , Y m+n and 
M m+n respectively, we have 

(m - n)f™{m + n) = (m - n)/ 2 M (ra + n) = 0, (2.65) 

(m - n) (/ 3 M (m + n) - a(n + to) - 2a) = 0. (2.66) 

Setting m = and replacing m by — n in (12.651) . we obtain 

nf 1 M (n) = nf 2 M (n) = 0, nf™(0) = nf 2 M (0) = 0, V n G Z. 

This gives /^(n) = / 2 M (n) = ° for a11 n 6 Z. 

Taking m = in ( 12.661) . one can deduce / 3 M (n) = an + 2a for n^0. Taking m = 1 and 
n = -1 in (12T661) . one can deduce / 3 A/ (0) = 2a. Thus / 3 A/ (n) = an + 2a for all n G Z. D 

We construct some possible outer derivations of _£f . Under the condition \x = 0, for each 
A G {— 2, ±1}, the following maps D\ or _D A defined by 

D_ 2 {L n ) = n 3 M n , D^(L n ) = n 2 M n , D^{Y n ) = nM n , D^Yn) = M n , 

are outer derivations of ££ , where all other terms are vanishing. Besides, we can define 
another outer derivation D of Jz? , which does not depend on A and \i: 

D:L n ^0, Y n ^ Y n , M n H> 2M n . 
It is easy to verity that for each A G {— 2, ±1}, D, D\ and D\ are linearly independent. 
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Theorem 2.5 (1) If y, £ \Z, or fi = but A ^ {-2, 0, ±1}, then Der^f = ad££ © CD . 
(2) lffi = 0, then 

{adSe © CD © CD_ 2 , A = -2, 

adJz? ©CD© CD_i0CD_i, A = -1, (2.67) 

ad^@CD®CD u A = l. 

Proof Take d G (DerJ^V 

(1) Suppose /i ^ ~Z. It follows from Lemmas I2.2H2.4I that there exist a, a, e and e G C 
such that 

do(L n ) = cmL n + ^-(2/x - (A + l)n)F n + ^-(2/x - An)M„, 

doCVn) = (an + a)F„ - -nM n , d (M n ) = (an + 2d)M n . 

u 

Set a = aL Q — e/i _1 Yo — e(2/z) _1 M , then do = ad a + (a — afj)D. 

If /i = and A ^ {—2, 0, ±1}, by Lemmas I2.2H2.4[ there exist a', a', b' and e' G C such 
that 

d (L n ) = a'nL n + b'nY n + e'nM n , 

2b' 

d (Y n ) = (a'n + a!)Y n + -— n M n , d (M n ) = (a'n + 2d')M n . 

1 + A 

Set (3 = a'L + 21/(1 + A)" 1 ^ + e'\- l M Q . Then d = adp + a'D. 

(2) We shall divide the proof of ( 12.671) into the following four cases. 

Case 1 A = -2. 

By Lemmas I2.2H2.41 there exist a%, a\, b\, c\ and c\ G C such that 

d {L n ) = a x nL n + b x nY n + (^(n 3 - n) - ^-(n 3 - 4n))M n , 

6 6 

d {Y n ) = (oin + ai)F„ - 2b 1 nM n , d (M n ) = (a x n + 2a x )M n . 
Set a>i = aiLo — 2b\Yo + ^(ci — 8ci)M . Then we obtain ofo = ad ai +d\D + |(ci — 2ci)D- 2 . 

Case 2 A = -1. 

By Lemmas I2.2H2. 41 there exist a 2 , d 2 , b 2 , c 2 and c 2 G C such that 



' C 2 / 2 

— (n 
^2 v 

do(Xn) = (a2^ + a 2 )Y n + b 2 nM n , d {M n ) = (a 2 n + 2d 2 )M n . 



d {L n ) = a 2 nL n + {^(n 2 - n) - c 2 (n 2 - 2n))M n 



Set a 2 = a 2 L + \(c 2 — 4c 2 )M . Then d = ad a2 + a 2 D + |(c 2 — 2c 2 )D_i + b 2 D_ x . 
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Case 3 A = 1. 

By Lemmas I2.2H2.41 there exist 04, 04, 64, b and C4G C such that 

d (L n ) = a^nLn + btjiY n + ctjiM n , 

do(Y n ) = (a 4 n + a 4 )F n + (6 4 n + b)M n , d (M n ) = (a^n + 2a 4 )M n . 

Set a 4 = a 4 L + 64I0 + c^Mq. Then d = ad a4 + 04I? + 6D1. 

Hence, the theorem follows from Lemma 12.11 D 

3 Automorphism group of «5f 

In this section we denote by C* the set of all nonzero complex numbers and AutJ£ 
and innJzf the sets of automorphisms and inner automorphisms of j£? . Firstly we need to 
introduce some technical lemmas. 

Lemma 3.1 Let a G AutJ£ , e G {±1} with e = 1 for /i ^ |Z. T/ien t/iere exzsi some a, 
/3 G C* ; y n £ y an d m n , m' n G .M such that 

(1) cr(L n ) = ea n L en + y n + m n , 

(2) o-(Y n ) = a n (3Y en + m' n , 

(3) a(M n )=ea n f3 2 M en . 

Proof (1) Note that a\c is an automorphism of the Witt algebra, so there exist some 
e G {±1} and a G C* such that 

a(L n ) = ea n L tn + y n + m n for some y n ey, m n e M. (3.1) 

(2) Since X = y © M. is the unique maximal idea of Jzf , one can write 

<t(y;) = £« + <, (3.2) 

ies 

for some 6 ni G C*, m^ G .M and SCZ. By (13.11) . there exist some t/o 6 ^ «o € ^ such 
that cr(L ) = eL + 2/0 + m o- Then applying a to (n + /i)V n = [L , F n ], we have 

(n + n)(j2K Y i + m 'n) = [ eL + V0 + m , Y,K Y i + m 'n] = Y,^r H {i + lA Y i + m 'n, 

for some m" n G M.. Comparing the coefficients of Yj, we obtain 

b ni (i-en-{e- l)/i) =0, V i G S. (3.3) 

If /i = 0, then (13.31) gives i = en for all i G S. If /i ^ |Z, then (13 .3p forces e = 1, in which 
case (13.31) gives z = n for all i & S. Hence, by ( 13.21) . we can write 

a(F n ) = fe n y en + m;, (3.4) 
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for some b n G C* with e = 1 for /i ^ |Z. 

Applying a to (m — ^m + fJ,)Y m+n = [L n , Y m ] and using (13.11) and (13. 4p . we obtain 

{m — n + fjt) (b m+n Y e{m+n) + m^ +n ) 

= [ea n L tn + y n + m n , b m Y em + m' m ] = a n b m (m — n + /i)Y e ( m+n ) + m n , 

for some m n G M.. Thus we have 

(m — n + /i) ((b m+n - a n b m )Y e ( m+n) + m' m+n ) - m n = 0, 

which together with the fact m' m+n , m n G .M, gives 

(2m - (A + l)n + 2/x) (6 m+n - a n 6 m ) = 0. (3.5) 

Taking m = in (13.51) . one has 

(2/j-(X + l)n)(b n -a n bo) = 0. (3.6) 

If 2yU — (A + l)n' = for some n' G Z, then replacing n by — n', m by n' in (13.51) . we have 

(A + 2)n\b n , - a n 'b ) = 0. (3.7) 

If A ^ -2, then (E3D gives b n > = a n 'b . 

If A = — 2, then 2/x + n' = 0, since /x satisfies (jl.ip . which forces nf — 0. Thus 



6 n i = a n '6 if 2ii - (A + l)n' = 0. (3.8) 

Hence, (13. 6p together with (I3.8P gives b n = a n bo for all n G Z. Using this in (13.41) . one can 
write 

a(Y n ) = a n b Y m + m' n , (3.9) 

for some m' n G At. 

(3) Applying a to (n — 2m)M n = [Y m , F„_ m ] and using (I3.9p . we have (n — 2m)a(M n ) = 
[a m b Y em + m' m , a n ~ m b Y e(n _ m) + m' n _ m ] for some m' m , m' n _ m G M, which gives 

(n - 2m) (a(M n ) - ea n ^M en ) = 0. (3.10) 

Letting m = in (13.101) . we have er(M n ) = ea n b\M en for n/0. Furthermore, letting n = 
in (15301) . one has a(M ) = eb 2 Q M . Thus we obtain a(M n ) = ea n b 2 Q M en . 

Hence, denoted by bo = (3, the lemma follows. □ 
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Lemma 3.2 Let f, f and g be C-linear maps from Z to C. Define the 
& -> 3? by 

<j)(L n ) = L n + f(n)Y n + f(n)M n , </>(Y n ) = Y n + g(n)M n , 0(M n ) 

If u = and (f> G AutSf, then there exist some a, a, b, c, c G C such that 

(1) 

an if A = — 1, 



-linear map 4> 



M n . 



(2) 



f(n) = bn(l-S x ,-i), g(n)=< 



bn + a if A = 1 , 
ll> n if A^dhl; 



I 1 + A 



/(») 



-c(n 3 -n) c(n 3 - An) + -b 2 n(n - 2)(n - 1) if A 
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-c(n — n) — c(n — 2n) 



en + 



1 + A 



n(n — 1) 



if A = -l, 

if A i{-2, 0,-1}. 



Proof Applying <\> to [L n , L r 
M n+m , we obtain 



(m — n)L n+m and comparing the coefficients of Y n+m , 



(2m - (1 + \)n)f(m) - (2n - (1 + X)m)f(n) = 2(m - n)f(m + n), (3.11) 
(m — Xn)f(m) — (n — \m)f{n) — (m — n)(f(m + n) — f(n)f(m)). (3.12) 

Applying to [L n , F m ] = (m — ^jin)Y^ +rn and comparing the coefficients of M n+m , we obtain 



2(m — n)f{n) + 2(m — \n)g{m) = (2m — (A + l)n)g(n + m). 



(3.13) 



If we replace / by / 2 L , # by f[ in ( I3TTJ) and f l3TT3|) . then ( I3TTJ) and fl3TT3|) become (Q and 
f )2.60p . respectively. Thus if we take /(l) = 6, g(l) = a and g(0) = a, then by Lemmas 



(3.14) 



and !2.3[ (1) follows. 

(2) If A = — 1, then noticing f(n) = in A3. 12j) . we obtain 

(m + n)f(m) — (n + m)f(n) — (m — n)f(m + n). 



If we replace / 3 L by /, A by -1 in ( 12T29J) . then fl2^9|) becomes ( 13TT4|) . Thus by Lemma EI 
(3), we have f{n) = \{n 2 - n)f(2) - (n 2 - 2n)/(l). 
If A 7^ — 1, noticing /(n) = 6n in (13.12J1 . we have 



(m — \n)f(m) — (n — \m)f(n) — (m — n) (f(m + n) — b 2 nm\ . 



(3.15) 
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Taking n = 1, 2 in (I3.15P respectively, we have 

(m-\)f(m) - (1- Am)/(1) = (m - l)(/(m + l) -6 2 m), (3.16) 

(m - 2A)/(m) - (2 - Aro)/(2) = (m - 2) (/(m + 2) - 26 2 m) . (3.17) 

Setting n—1 and replacing m by m + 1 in (13. 15[) , one has 

(m + 1 - A)/(m + 1) - (l - A(m + 1))/(1) = m(f(m + 2) - 6 2 (m + 1)). (3.18) 

Thus using (13 . 1 6 p — (13 . 1 8 j) . one can deduce 

(A - 1) ((A + 2)m - 2A)/(m) - 6 2 (A - 2)m(m - 2)(m - 1) 

= m(m - l)(Am - 2)/(2) + m(m - 2) (2 - A + A 2 - 2Am)/(l). (3.19) 

Case 1 A = -2. 

In this case (13. 191) gives 

lib 2 
f( m ) = -(m 3 - m)/(2) - -(m 3 - 4ra)/(l) + —m(m - 2)(m - 1), V m G Z. 
6 3 3 

Case 2 A = 1. 

In this case (13.151) gives 

(m - n) (f(m) + f(n) - f(m + n) + b 2 nm) = 0. (3.20) 

Obviously, /(0) = 0. Replacing m by — n in ( 13.20p . one can deduce 

f(-n) + f(n) = b 2 n 2 , VngZ. (3.21) 

By fl3T20|) . we have 

f(m + n) = f(m) + f(n) + b 2 nm for m ^ n. (3.22) 

Combining (13T2T1) . (I3T221) . we obtain 

/(2m) = /(3m) + /(-m) - 36 2 m 2 

= /(2m) + /(m) + 26 2 m 2 + /(-2m) + /(m) - 26 2 m 2 - 36 2 m 2 
= 2/(m) + 6 2 m 2 . 

Thus (I3.22J) holds for all m, n £ Z. Taking m = 1 and replacing n by n - 1 in (13.221) . we 
obtain /(n) = /(n — 1) + /(l) + 6 2 (n — 1). Hence, using induction on n, one can deduce 
f{n) = n fXl) + \b 2 n{n-l). 
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Case 3 A £ {-2,0,1}. 

Taking m = in ( 13.151) . one has Xnf(0) = for all n G Z. Thus /(0) = 0. Using this, then 
setting m — — 1 and n = 1 in ( 13 .15j) , one can deduce 

(l + A)/(-l) = 26 2 -(l + A)/(l). (3.23) 

Then taking n — 1 in ( I3.15p . we have 

(m - l)/(m + 1) = (m - A)/(m) - (1 - Xm)f(l) + (m - l)6 2 m. (3.24) 

Setting n = —1 and replacing m by m + 1 in ( I3.15p . we obtain 

(m+l + A)/(m + l) + (l + A(m+l))/(-l) = (m + 2)(/(m) + 6 2 (m + 1)). (3.25) 

Multiplying (I3.25f) by (1 + A) (m — 1), then using (13.23}) and ( 13.241) . one can deduce 

(l-A)(l + A)(2 + A)/(m) 
= (1 - A)(l + A)(2 + A)m/(1) + b 2 (l - A)(2 + A)m(m - 1), 

since A ^ {—2, ±1}, which gives f(m) = mf(l) + ^-j-m(m — 1) for all m G Z. 

Thus denoted by f{2) = c and /(l) = c, the lemma follows. □ 

Lemma 3.3 (i) Let e G {±1}- If fi = 0, then the map 

y? e : L n ^-f eL en , Y n v* Y €n , M n 1-4 eM en , 

is an automorphism of Jzf. The set {ip e | e G {±1}} = Z2 forms a subgroup of AutJ?, where 
Lf e tp e/ = ip ee , for e, e' G {±1}. 

(ii) For any a, /3 G C* ; the map 

cpcP : L n ^ a n L nj Y n ^ a n (3Y n , M n ^ a n (3 2 M n 

is an automorphism of S£ . The set {(p a ,f3 \ot,/3E C*} = C* x C* forms a subgroup of AutJ£ ', 
where ip a ,pPa',p> = <Paa',pi3> for a, a', (3, f3' G C*. 
(Hi) For any b G C, if fi = 0, then the map 

( L n + bn 3 M n , A = -2, 
<f> b (L n ) = { cj )b {X n )=X n for Xe{Y,M}, 

[ L n + bn 2 M n , A = -1, 

is an automorphism of Jzf . The set {(fit, | b G C} = C forms a subgroup of AutS£ , where 
4>b<Pb' = <Pb+b' forb, b' G C. 
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(iv) For any e G C, if u = 0, then the map ip e defined by 

L n i-> L n , Y n ^Y n + enM n , M n ^ M n , A = -1, 
L n ^L n , Y n ^Y n + eM n , M n ^ M n , A = 1, 

is an automorphism of 5£ . The set {ip e |e G C} = C forms a subgroup of Aut^f, where 

tf) e if) e > = ifj e+e > /ore, e'GC. 

Proof This follows from straightforward verifications, we omit the details here. □ 

Introduce the following notation 

Inn££ = Span { exp (aadL + ^fejadFj + ^Cj-adM,) | a, b i: Cj G C, i, j G Z} (3.26) 

with a = if \x £ Z. 

Theorem 3.4 (1) If n £ \Z, then AutJ£ =* Inn^ x C* x C*. 
(2) lffi = 0, then 

Inn^e x C* x Z 2 x C if A = -2 or 1, 

Aut.r ■' { Inn^f x C* x Z 2 x C x C if A = -1, 

Inn^ x C* x Z 2 if A £ {-2, 0, ±1}. 

Proof Let a be an automorphism of ££ . By Lemma I3.1[ one can write 

cr(L ) = eL + & ^o + c M + £ 6^ + £ c 3 M v (3.27) 

o^ies Okies'' 

for some S, S' C Z. Construct an inner automorphism 6 of J?f 

= exp ( V ^ -adMi - —^— ad y}\ exp ( V - ~° j - adM,^ . (3.28) 

One can check that 6~ 1 a(L ) = eL + 6 ^o + CoM . Furthermore, since L is a semisimple 
element of Jf , then Q~ 1 o~(Lq) is also semisimple. If we denote A the matrix of ad(# _1 er(Lo)) 
with respect to the basis {L n ,Y n , M n }, then 

en b (^y-n — u) c (An — 2u) 

6 n 
e(n + 2u) 

On the other hand, it follows from the definition of semisimple that A can be diagonalized. 
Thus it is necessary that b and c (An — 2u) are equal to 0. 
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By Lemma [3. 1[ one can write 



/ fl-i 



rV(I n ) = ea n L en + J2 b n .Yi> + E c n M, 



j i 



i'es 



j'eS' 



6- l a(Y n ) = a n pY tn + £ e nfe M fc , 

fees" 

k rV(M n ) = ea n P 2 M m , 



(3.29) 



for some a, /3 G C*, &„,.,, c n ., and e„ fe G C, e G {±1} with e = 1 for /x ^ |Z, S 1 , S 7 , S 1 " C Z. 
Applying ^V to (n + /i)l^ = [L , 3^,], we obtain 

v fces" 

= [eL + c M , a n Wen) + £ e„ fc M fc ] = (n + fi)a n pY m + E ^ nk (k + 2//)M fe , 

fee s" kes" 



which gives 



(n + /i) E e„ fc M fe = E ee nfc (A; + 2/x)M fc 



fcG5" 



kes" 



Comparing the coefficients of M&, one has 

e nfc (k + 2fi- e(n + //))= 0, V jfc G S". 
Applying _1 er to nL„ = [L , L n ], we obtain 



(3.30) 



n 



(ea n L en + £6^, + E c n .,Mf) 
v i'es j'eS' 



[eL + c M , ea n L £n + £&„,,*-, + E c^Afy 



(3.31) 



i'eS 



j'eS' 



ena n L en + E ^K (z" + n)Y v + E ^ n (f + 2y)M r + ea n c (\en - 2fj)M m . 



'es 



j'eS' 



Using Co (An — 2u) = and e = 1 for \i ^ |Z, one can deduce ea n co(Aen — 2/i) = 0. Using 
this in (13.311) . one has 

n( E &n^ + E c nf Mf) = E ^, («' + li)Y v + E <% (f + 2 f i)M j ,. 



YsS 



j'eS 



i'eS 



i'eS' 



Comparing the coefficients of Y? and My respectively, we have 

L , (z' - en + u) = 0, Vz' G 5, c„, (f - en + 2u) = 0, V f G 5'. (3.32) 
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Case 1 n fi ~Z. 

Since /x ^ ~Z, we have e = 1. Thus, by (J3.30P and (13.321) . we obtain b n .,, c n ., and e nk , are all 
equal to zero for all i' G S, f G S' and fe G S". Using this in f l3.29|) . we obtain 

rV(L n ) = « n L„, rV(y n ) = a n pr ni rV(M n ) = «"^ 2 m„. 

Let y> Sji g be the automorphism of Jzf as that given in Lemma I3~31 (ii). Then a = 9ip^. 

Case 2 p = 0. 

Since /j = 0, we know that z', j' and fc are all equal to en for all %' G 5, j' G 5' and fc G S" 
in (13T3TID and f|3"73"2"]i . Using this in flQgj) , we obtain 

6- l a(L n ) = ea n L en + b n Y en + c n M en , 

9~ 1 a{Y n ) = a n 0Y«, + e„M m , (3.33) 

9~ l a(M n ) = ea n /3 2 M m , 

for some 6 n , c n and e n G C. Let be the automorphism of J?f defined by 

0(X n ) = a"X n forXG{L,F,lU}. 

Then 9 is an inner one. Set 

f(n) = b n (a n f3)-\ f(n) = c n (ea n (3 2 )~\ g(n) = e^ea^ 2 )- 1 . 

Define v?e and i^ij as those given in Lemma l3~3l (i) and (ii) respectively. Then we can write 
(13.331) as follows 

(j){L n ) = L n + f(n)Y n + f(n)M n , <j>(Y n ) = Y n + g(n)M n , <j){M n ) = M n , 

where = (ip e )- 1 (ip 1 ^y 1 (9)- 1 9- 1 a. 

Subcase 1 A = — 2. 

By Lemma 13.21 there exist some C\ , C\ and b\ G C such that 

<f)(L n ) = L n + b in Y n + (|(n 3 - n) - |-(n 3 - 4n) + ^n(n - 2)(n - l))M n , 
<f>(Y n ) = Y n - 2bmM n , <f>{M n ) = M n . 
Set 0! = exp( - 26iadF + ^(ci - 8ci - 46 2 )adM ). Then 

(9 1 )- 1 <j ) (L n ) = L n + Cl ~ 2Cl + 2&1 n 3 M n , (0 1 )-VM=^, (9i)~ 1 (f>(M n ) = M n . 

o 

Set «i = g(ci — 2ci + 26^) and define ai as in Lemma l3~3l (iii). Then (0ai) _1 (#i) V = Id. 
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Subcase 2 A = — 1. 

By Lemma 13721 there exist some c 2 , c 2 and b 2 £ C such that 

0(L n ) = L n +(^(n 2 -n)-c 2 (n 2 -2n))M n , <f){Y n ) = Y n + b 2 nM n , 0(M n ) = M n . 
Define ip b2 that given as in Lemma [3.31 (iv). Then 

(^6 2 rV(£n) = L n + Q{n 2 - n) - c 2 {n 2 - 2n))M n , 

Set 9 2 = exp (|(c2 — 4c 2 ) adM ) . Then 

{d 2 )- 1 ^ b2 )- l <P{L n ) = L n + ^-^VM n , 

(e 2 )- 1 ^ b2 )- 1 <f ) (Y n ) = Y n , (e 2 )- 1 ^ b2 )- 1 <p(M n ) = M n . 

Set a 2 = \{c 2 — 2c 2 ), let (fi a2 be as that given in Lemma l3~737 iii). Then ((fi a2 )~ 1 (@2)~ 1 (ipb 2 ) ~ 1( 
Id. 

Subcase 3 A = 1. 

By Lemma [3.21 there exist some e, c 4 , c 4 and 64 G C such that 

b 2 
(f)(L n ) = L n + b 4 nY n + (c 4 n + -^n(n - l))M n , 

<f>(Y n ) = Y n + (hn + e)M n , <f>(M n ) = M n . 
Set 9 4 = exp (6 4 adF - \{b\ - 2c 4 ) adM ). Then 

{9 A )- l <j){L n ) = L n , (6 4 )- 1 <J ) (Y n ) = Y n + eM n , {9 4 y l cj>{M n ) = M n . 
Let ip e be as that given in Lemma [3.31 (iv). Then {ip e )~ 1 {9 4 )~ 1 cf) = Id. 
Subcase 4 A £ {-2,0,±1}. 
By Lemma [3T2l there exist some C5, c% and 65 G C such that 

6 2 
<j>{L n ) = L n + b B nY n + (c 5 n + -f-n(u - 1))M„, 

A + 1 

0(Y n ) = r n + -^-nM n , 0(M n ) = Af„. 

A + 1 
Set fl 5 = exp (26 5 (A + l)~ x adY + (c 5 (A + 1) - 6 2 )(A 2 + A)- 1 adM ). Then (0 5 )-V = Id. 
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a 



Recall that = (<p e ) 1 (<-P\n) x (#) x V . Since JnnJzf is the normal subgroup of AutJ>f, 
then there exist 0, G InnS£ii = 1, 2, ■ ■ • , 5) such that 

Q\<P\$Pt$ax if A = -2, 

fafPljVetaalpba if A = ~1> 
hVl,ptPei>e if A = 1, 

I 6 Pi,^ e if A£{-2,0,±1}. 

Obviously, InnJf satisfies (I3.26p . Hence the theorem follows from Lemma [3.21 □ 
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